Abstract. In this paper, we study the spectrum of warped products in order to obtain a class of G-manifolds so that is possible to describe their generic spectrum. We establish a kind of splitting eigenvalues theorem considering a specific family of operators on the base of a warped product. As a consequence, we prove a density theorem for a set of warping functions that makes the spectrum of the Laplacian a warped-simple spectrum. As an application, we give an answer to the generic situation of the eigenvalues of the Laplacian on a class of compact G-manifolds. In particular, we give a partial answer to a question posed in 1990 by Steven Zelditch about the generic situation of multiplicity of the eigenvalues of the Laplacian on principal bundles.
Introduction
The analysis of the spectrum of the Laplacian on compact manifolds is a central topic in both mathematics and physics. Not only the literature about this subject is already very rich, but also it is not unlikely that the Laplacian may play a fundamental role in the understanding of countless physical facts. In this paper, we discuss an interesting case of the spectrum of the Laplacian which stems from work of Uhlenbeck [16] from which we know that the set of C k Riemannian metrics on an n-dimensional compact smooth manifold M n whose Laplacian has simple spectrum is residual, for 2 ≤ k < ∞. Moreover, the same result is also known for a family of elliptic operators ∆ b = ∆ + b, for b ∈ C k (M ). Warped product appears in a natural manner in Riemannian geometry and their applications abound. They are source of examples and counter-examples of many classical geometric questions. In this work, we relate them to generic results such as of the Uhlenbeck. In short, we study warped products in order to obtain a class of G-manifolds (that contain principal bundles) so that is possible to describe their generic spectrum, cf. Corollaries 4.1 and 4.2. By a G-manifold we mean a smooth manifold M endowed with a smooth effective action by a Lie group G. In particular, we give a partial answer to a question posed in 1990 by Zelditch [17] about the generic situation of multiplicity of the eigenvalues of the Laplacian on principal bundles. Besides, we believe that generic properties of the spectrum of warped products are of independent interest.
Our work was motivated by the ideas to split the eigenvalues by using the Hadamard derivative formula of the eigenvalue curves. The use of this technique is common in the works of some authors, see e.g. Albert [1] , Berger [4] , Henry [8] , Pereira [11] and Soufi-Ilias [15] .
Firstly, we establish a kind of splitting eigenvalues theorem considering a family of operators on the base of a warped product, see Equation (2.3) and Theorem 3.1. For this class of operators, the parameter is present in the first and zero order coefficients in a very specific way. We point out that the referred class is not covered by the Uhlenbeck's works. As an application of Theorem 3.1 we prove a density theorem for a set of warping functions that make the spectrum of the Laplacian a warped-simple spectrum 1 , cf. Theorem 3.2. It is well-known in the literature that results in the spirit of Uhlenbeck [16] are no longer true in the presence of symmetries. Thus, one can ask the following question:
What can be said about the generic situation of multiplicity of the eigenvalues of the Laplacian in the presence of symmetries?
Arnol'd [2] proposed in an indirect way this question on the context of Dirichlet integral in symmetric domains of R n . There are also several other works in the literature about this subject, see e.g. [10, 12, 13, 14, 17] .
In the Riemannian setting, we highlight two main results. The first one has been recently proven by Schueth [14] , who considered the generic irreducibility of the eigenspace of the Laplacian associated to a left G-invariant metric on a Lie group G. She translated the problem to Lie algebraic setting and algebraic tools were used instead of the analytic ones. The second one had been before proven by Zelditch [17] . He treated essentially the case where the group G is finite and assumed that all dimensions of the irreducible representations of G are smaller than the dimension of the manifold. He also emphasized that his technique fail completely without this hypothesis.
We consider a class of G-manifolds N × G/K, where the Lie group G (not necessary Abelian) has irreducible representations with arbitrary larger dimensions and it has positive cohomogeneity, i.e., the dimension of the quotient space is nonzero, see Theorem 4.1. Then, both techniques used by Schueth and Zelditch cannot be applied directly in our case, but even so we apply a Schueth's result to prove the genericity irreducibility of the eigenspace when the smooth G-action is free since it is necessary to take a G-simple Riemannian metric on G, cf. Corollary 4.2. Besides, Zelditch's work still remains a prototype for us. The real novelty lies in the use of warped product theory to obtain an eigenspace irreducibility result on that class of G-manifolds.
Spectrum of Warped Products
In this section, we fix notation, comments about facts that will be used in our proofs and list without proofs all the main formulas which will be appropriated for us. The material we summarize here is all well-known. Bishop-O'Neill [5] , Ejiri [6] and Zelditch [17] are some references for it.
Let M = B n × f F m be a warped product of two Riemannian manifolds with 
In what follows, it will be fundamental to assume that both the base B and the fiber F of M are compact manifolds. In particular, the spectrum 0
where f is a positive function on B, µ is a real number and φ is a function on B.
µ is a strongly elliptic, self-adjoint differential operator of (B, f 2m/n g B ). We now adapt some known facts from perturbation theory to the situation of warped products. Among other things, we deduce an equation for the multiplicity of an eigenvalue of ∆ B× f F in terms of L f µ , and a variational formula for an eigenvalue of L f µ along a family of warping functions. For a support material, we refer the reader to Bando-Urakawa [3] , Berger [4] and Soufi-Ilias [15] .
For each eigenvalue µ i of ∆ F , we consider 0 < λ
Let M denote the Banach space (with the fixed C k topology) of C k Riemannian metrics on a compact smooth manifold M .
Given an eigenvalue λ 0 of ∆ g0 with multiplicity m(λ 0 ), there exist a positive number ǫ λ0,g0 and a neighborhood V ǫ in M such that for all g ∈ V ǫ holds
Let g(t) be a real analytic deformation of g(0) = g 0 , and let ∆ g(t) be the family of associated Laplace operators. By Kato choice's theorem there are ǫ > 0, real 1 AND MARCUS A. M. MARROCOS 2 analytic curves λ k (t) and ϕ k (t) such that 6) where (·, ·) t stands for the inner product of
is the spectrum of ∆ g(t) and {ϕ
). We point out that the same results given in (2.5) and (2.6) hold for the family of the operators
We only need to consider linear deformations of the form g(t) = g 0 + tH, where H is a symmetric covariant 2-tensor on M . We recall that
where ·, · stands for the inner product induced on the space of covariant 2-tensors on M . For a proof see [4] 
. Henceforth, since there is no danger of confusion, we will use the same notation ·, · for the inner product on M and B as well as on the space of covariant 2-tensors on a Riemannian manifold.
Let λ(t) be an eigenvalue of ∆ B× f (t) F and ψφ µ its corresponding normalized real-valued eigenfunction such that (L f µ + λ)φ µ = 0 and (∆ F + µ)ψ = 0. Since H = 2f 0 rg F and dv M = f m dvol B×F , we use Fubini's theorem to compute the two terms of Equation (2.7) as follows
Hence,
In order to prove our first theorem we will need a variational formula for an eigenvalue λ of L f µ along the family f (t) = f 0 + tr. For this, we note that L f µ and ∆ B× f F share the same eigenvalues, in general with different multiplicity, cf. Equation (2.4). Hence, Equation (2.8) is also a variational formula to λ as an eigenvalue of L f µ . Thus there should be no cause for confusion if we simplify the notation by writing λ for λ µ , so that its corresponding eigenfunction is denoted by φ. Notice that
for all φ ∈ C 2 (B). With this considerations in mind, we can rewrite (2.8) as follows. µ , respectively, then
(2.10)
Genericity of Warped-Simple Eigenvalues
Here we analyze the generic spectrum of the Laplace operator defined on a compact Riemannian warped product B × f F parametrized by warping functions f on B. We say that an eigenvalue λ of ∆ B× f F is warped-simple if there is only one
. We are almost in a position to prove that the set of all warping functions f of class C k such that ∆ B× f F has warped-simple spectrum is residual in C k + (B). Firstly, as mentioned earlier we establish a splitting eigenvalue theorem for the family of operators {L Proof. The proof is by contradiction. Suppose that there is an open neighborhood U ⊂ V ǫ of f 0 such that for all f ∈ U the eigenvalue λ f of L f µ with |λ f − λ 0 | < ǫ λ0,f0 has multiplicity m > 1. In this case, for any smooth function r the perturbation f (t) = f 0 + tr fails to split the eigenvalue λ 0 (t), and the m curves given by (2.6) must satisfy λ ′ j (t) = λ ′ i (t) for small t. From Equation (2.10) we obtain
It follows from (2.9) that (3.1) is equivalent to
Unfortunately, we were not able to use the identity (3.2) to get a contradiction. So, we assume that it holds in an open neighborhood U of f 0 , i.e., for all f ∈ U and an eigenvalue λ f with |λ f − λ 0 | < ǫ λ0,f0 we have (3.2). Let us define for convenience ξ := φ i − φ j and η := φ i + φ j . By regrouping some terms in (3.2) we obtain
Consider f (t) = f 0 + tr with r ∈ C k (B) such that (3.3) holds for all sufficiently small t. Taking the t-derivative we get ∇ξ, ∇η + ∇ξ, ∇η
Besides, we note thatξ andη can be taken such that [8] to an analogous example. In particular, X(ξ)X(η) = 0 for all X ∈ X(B). As a consequence we have |∇φ i | = |∇φ j | on B.
Coming back to analysis of Equation (3.2) we conclude that φ i = φ j on B, which is a contradiction. Theorem 3.2. Define B to be the set of warping functions f of class C k such that ∆ B× f F has warped-simple spectrum. Then B is residual.
Proof. For each integer i ≥ 1, define the set
Hence, it is enough to show that for each i ≥ 1, B i is a dense open set. The openness follows from continuity of the eigenvalues in general metric perturbation setting, see [3] for details.
For the denseness part, we argue by contradiction. Suppose that B i is not dense for some i, then there are a function f 0 ∈ C k + (B) and an eigenvalue λ < i such that for any function r ∈ C k (B) the perturbation g(t) = g B + (f 0 + tr) 2 g F fails to split the eigenvalue λ. In this case, there is at least a pair of curves λ(t) and
µ , respectively, such that λ(0) = λ(0) = λ and λ ′ (t) = λ ′ (t) for small t. Thus, from Equation (2.8) we get
As r is an arbitrary function, we obtain the following equation on the base B
There are two cases to consider: µ = µ and µ = µ. The µ = µ case has been proved in our Theorem 3.1. The idea to show that (3.6) cannot hold if µ = µ is motivated by an argument of Uhlenbeck [16] . We define
So, Equation (3.6) becomes ∇η, ∇ξ − λξη = q. Now, it is enough to consider m = 2, as the m = 2 case follows from Uhlenbeck's argument. For this, we take an integral curve x(t) of ∇ξ, so that u(t) = η(x(t)) is a solution to du dt − λξu = q. Without loss of generality, we can choose x 0 in B such that ξ(x 0 ) > 0. So, ξ(x(t)) is a non-decreasing bounded function on B, and the solution of the latter ordinary differential equation must satisfy: either u(t) is unbounded or lim t→∞ u(t) = 0. Then only the second occurs, since u(t) = η(x(t)) is bounded.
Let x ω be a point in ω-limit set of x 0 , then there is a sequence x(t k ) such that lim k→∞ x(t k ) = x ω and ∇ξ(x ω ) = 0. Hence, we have
Whence, we conclude that
which is a contradiction, since m = 2, µ = µ and 2φ µ (x ω ) = ξ(x ω ) > 0. This completes our proof.
Riemannian G-Manifolds
In this section, we apply Theorem 3.2 to give an answer to the generic situation of multiplicity of the eigenvalues of the Laplacian on a class of compact G-manifolds, where G is a compact Lie group. We recall that a G-manifold is a smooth manifold M endowed with a smooth effective action by a Lie group G. If for a Riemannian metric g on M holds G ⊂ Iso(M, g) then we will call it G-invariant metric and (M, g) a Riemannian G-manifold. The space of all G-invariant C k Riemannian metrics on M will be denoted by M k G . In a Riemannian G-manifold (M, g) each Laplace eigenspace E λ is a linear real representation of G, since the Laplacian commutes with isometries. In general, E λ is reducible, in this case, it is possible to split them into irreducible real representations of G, namely E λ = σ m(λ, σ, g)W σ , where (σ, W σ ) runs over the set of all equivalence class of irreducible representations of G and m(λ, σ, g) is the multiplicity of (σ, W σ ) in E λ .
We say that an eigenvalue λ of ∆ g is G-simple if its corresponding eigenspace is an irreducible real representation of G. When all eigenvalues are G-simple we denote the spectrum of ∆ g as G-simple spectrum and the associated Riemannian metric g as G-simple metric.
Let M = B × G/K be a G-manifold, where B is a compact smooth manifold and G/K is a compact homogeneous space. Suppose that each elementγ of G (as a diffeomorphism of M ) is given byγ(x, y) = (x, γy), with γ acting on G/K. Our main result is Theorem 4.1. Let M = B × G/K be a G-manifold where G is given as above, and let g G/K be a G-simple metric on G/K. Given a metric g 0 in M k G and an eigenvalue λ 0 of ∆ g0 such that its corresponding eigenspace is not irreducible representation of G. Consider a positive number ǫ λ0,g0 and a neighborhood V ǫ of g 0 in M k G as in (2.5). Then for each open neighborhood U ⊂ V ǫ there is g ∈ U such that all eigenvalues λ of ∆ g with |λ − λ 0 | < ǫ λ0,g0 are G-simple.
Proof. Let g G/K be a G-simple metric on G/K, and let g B be a Riemannian metric on B. By Theorem 3.2 we can choose a function
Consider λ 0 an eigenvalue of ∆ g0 (on M ) with corresponding eigenspace E λ0 = W 1 ⊕ W 2 ⊕ · · · ⊕ W r , r > 1, splitting into irreducible representations of G (not necessarily non-isomorphic each other). In this situation (2.6) may be adapted to G-invariant metric perturbations case to conclude that there is at most r different analytic curves of eigenvalues, c.f. [ [17] , Proposition 1.28]. Taking the analytic family of Riemannian metrics g(t) = (1 − t)g 0 + tg W , those r curves may cross each other just finite number of times, since the eigenvalues of g(1) = g W are all G-simple. Then, we can choose t * ∈ (0, 1) such that all eigenvalues λ(t * ), |λ(t * ) − λ 0 | < ǫ λ0,g0 are G-simple eigenvalues, hence the Riemannian metric g(t * ) has the property desired. A prototype example of symmetric space G/K equipped with a G-simple metric is SO(n + 1)/SO(n) equipped with the canonical metric. However, such metric always exists in the case of symmetric spaces given by quotients of Lie groups G modulo maximal compact subgroups K, see [ [7] , Theorem 2 and examples of p. 249].
Schueth [14] established an algebraic criteria for the existence of a G-left invariant metric g on G such that all Laplace eigenspaces are irreducible representations of G. In particular, it holds for SO(3), SO(4), U (4) and SU (2) × SU (2) × · · ·× SU (2) × T , where T is a torus. We can put Schueth criteria and the Corollary 4.1 together in order to obtain the generic result for trivial principal G-bundle. Obviously, the result holds for any principal G-bundle P isomorphic to M × G.
Corollary 4.2. Let P be a principal G-bundle isomorphic to the trivial principal G-bundle. If G satisfies the Schueth criteria then the set of G-simple metrics on P is residual in M k G .
The irreducibility of the eigenspaces of the Laplacian on general principal Gbundle is an open problem yet. We will hope to address that question in the next work.
